The aim of this paper is to evaluate double integrals over a polygon exploiting coordinate transformation. At first any polygon with m-sides is decomposed into triangles. Then each triangle is transformed into a standard triangular finite element using the basis functions in local space. Then the standard triangle is decomposed into right isosceles triangles with side lengths , and thus composite numerical integration is employed. In addition, the affine transformation over each decomposed triangle and the use of linearity property of integrals are applied. Finally, each isosceles triangle is transformed into a 2-sqare finite element to compute new sampling points and corresponding weight coefficients, using
I. Introduction
Numerical integrations over triangular regions were first introduced by Hammer et al [1] [2] [3] , and then by Stroud 4 *. In finite element method, the triangular elements are widely used in the area of numerical integration schemes 5 . The works of Hammer et al [1] [2] [3] have been further developed by Cowper 6 and thus he provided a table of Gaussian quadrature formulae for symmetrically placed integration points. Lethor 7 and Hillion 8 derived formulas for triangles as product of one-dimensional Gauss quadrature rule. Laursen and Gellert 9 also discussed elaborately symmetric integration formulae of precision up to degree ten. One may realize that a lot of works of numerical integration using Gaussian quadrature over triangular [1] [2] [3] [4] [5] [6] [7] [8] [9] region, composite numerical integration using Gauss quadrature over triangular [10] [11] [12] region and over quadrilateral 13 region have been done, but no generalized work of composite numerical integration has been attempted so far over the polygon.
*Author for Correspondence. e-mail: mdshafiqul_mat@du.ac.bd Recently, a rigorous and elaborate survey has been reported by Sarada and Nagaraja 14 . In this paper, they have derived some formulas for limited shapes of triangles and quadrilaterals, and then generalized their process for any arbitrary polygon. This work is based on higher order (e.g., 5, 10, 15 and 20) Gaussian quadrature rule. In contrast to this study, we propose to develop a general composite integration formula over any arbitrary polygon by decomposing the polygon into arbitrary shapes of triangles, described in section II, using lower order (e.g., 3, 5 and 10) Gauss points to get more accuracy. Numerical examples are taken from the recent paper 14 , and thus are compared. The subsequent formulations are developed by Mathematica.
II. Formulation of Integrals Over an Arbitrary Polygon
The integral of an arbitrary function, over an arbitrary polygon AP with m sides is given by 
The each integral of Eq. (2) is then transformed into an integral over the region of the standard triangle 
The coordinates are changed by assuming that 
The integral of Eq. (4) can be further transformed into an integral over the standard 2-square,
shown in Fig. 3 :
Note that depends on the vertices of the given arbitrary triangular region, but is fixed.
Now Eq. (6) represents an integral over the standard 2-square region:
. Hence using Gauss Legendre quadrature rule for the integral of Eq. (6), we have
are Gaussian points in the η ξ, directions of order s and , are the corresponding weight coefficients. We can write Eq. (7) as:
where k c′ , k x′ and k y′ can be written in the form:
Fig. 2. Transformation of arbitrary triangle
AT t into equivalent standard triangle ST Table 1 . 
III. Numerical Examples
In this section, all examples have taken from the recent paper 14 which are shown in Tables 2-4 . Table 3 . Generalized composite numerical integration over arbitrary quadrilateral region Q (Fig.4 Table 4 . Generalized composite numerical integration over any arbitrary pentagon P (Fig. 5) 
Integral with exact value S
Computed value using present method for ( ) 
IV. Conclusions
In this paper, we have discussed the formulation of double integrals over an arbitrary polygon. At first we have decomposed any polygon with m-sides into m-2 triangles. Each triangular region is transformed into a standard triangle } 1 ,
by using triangular basis functions. Each of the standard triangles is further decomposed into triangles. Then we map each of the standard triangle into the 2-square using standard quadrilateral basis functions. For each triangle we generate new Gauss points using the lower order conventional Gauss quadrature of order 2 4 n × 2 s s , and thus the composite numerical integration over the standard triangular finite elements are applied. We observe that computed results of the given examples converge to the exact solutions correct upto fifteen decimal places. The technique of this paper, using lower order Gauss Legendre quadrature rule, can give high accuracy results compare to the existing formulations in the literatures.
